PuYsIiCS 523, GENERAL RELATIVITY
Homework 3
Due Monday, 16" October 2006

JAcoB LEwIS BOURJAILY

Problem 1

a) Let us consider the region of the ¢ — z-plane which is bounded by the lines t = 0,¢ = 1,2 = 0, and
r = 1; we are to find the unit outward normal one-forms and their associated vectors for each of the
boundary lines.

It is not hard to see that the unit outward normal one-forms and their associated vectors
are given by
t=0: —dt—é t=1: dt— —é; (L.a.1)

x=0: —dr— —é, x=1: dz— é,. (1.a.2)

b) Let us now consider the triangular region bounded by events with coordinates (1,0),(1,1), and
(2,1); we are to find the outward normal for the null boundary and its associated vector.

The equation for the null boundary of the region is t = x + 1, which is specified by the
vanishing of the function ¢ — 2 — 1 = 0. The normal to the surface is simply the
gradient of this zero-form, and so the normal is

dt — dzx, (1.b.3)

and the associated vector is
—€p — €. (1.b.4)

Problem 2
We are to describe the (proper orthochronous) Lorentz-invariant quantities that can be built out of the
electromagnetic field strength Fy; and express these invariant in terms of the electric and magnetic fields.

Basically, any full contraction of indices will result in a Lorentz-invariant quantity. Fur-
thermore, because we are considering things which are invariant under only proper
orthochronous transformation, we are free to consider C'P-odd combinations, which
mix up components with their Hodge-duals. A list of such invariants are:

F% =0  F%F, =— (xF%) (xFy) = 2 (EQ - EQ) (xF™) F,p = —4F - B. (2.2.1)

This does not exhaust the list of invariants, however: we are also free to take a number
of derivatives. These start getting rather horrendous, but we can start with an easy

example:
(0 F)* = 16727, = 1672 (f? - p2> . (2.2.2)
Along this vein, we find
(0aF™) (0:F*") Fya = 16727 - (B x J) ; (2.0.3)
N S\ 2 N 5 2 _ _ -
[(0. %) F*]* = 1672 {p2E2 - (E : J) n (B x J) —2pE - (B x J)} : (2.2.4)

(0aF*") (9:F) (xFya) = 1672 - (E % J). (2.2.5)

We could go higher in derivatives, but we know that d, x F = 0 and we are free to
make the Lorentz gauge choice OF = 0. I suspect that further combinations will
not yield independent quantities.
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Problem 3

Consider a pair of twins are born somewhere in spacetime. One of the twins decides to explore the
universe; she leaves her twin brother behind and begins to travel in the z-direction with constant ac-
celeration @ = 10 m/s? as measured in her rocket frame. After ten years according to her watch, she
reverses the thrusters and begins to accelerate with a constant —a for a while.

a) At what time on her watch should she again reverse her thrusters so she ends up home at rest?

There is an obvious symmetry in this problem: if it took her 10 years by her watch to go
from rest to her present state, then 10 years of reverse acceleration will bring her to
rest, at her farthest point from home. Because of the constant negative acceleration,
after reaching her destination at 20 years, she will begin to accelerate towards home
again. In 10 more years, when her watch reads 30 years, she will be in the same state
as when her watch read 10 years, only going in the opposite direction.

Therefore, at 30 years, she should reverse her thrusters again so she arrives home in her
home’s rest frame.

b) According to her twin brother left behind, what was the most distant point on her trip?
To do this, we need only to solve the equations for the travelling twin’s position and time
as seen in the stationary twin’s frame. This was largely done in class but, in brief,
we know that her four-acceleration is normal to her velocity: a‘ug = 0 everywhere
along her trip, and a5a5 = a? is constant. This leads us to conclude that
t T
a' = % = au” and a® = CiZ_ = au’, (3.b.1)
where 7 is the proper time as observed by the travelling twin. This system is quickly
solved for an appropriate choice of origin':

1 1
t= o sinh (a1) and z=- cosh (a) . (3.b.2)

This is valid for the first quarter of the twin’s trip—all four ‘legs’ can be given
explicitly by gluing together segments built out of the above.
For the purposes of calculating, it is necessary to make a7 dimensionless. This is done
simply by
10 m

_ _ -1
a=——= 1.053 year™". (3.b.3)

An approximate result? could have been obtained by thinking of ¢ = 3 x 10® m/s and
3 x 107 sec = 1 year.
So the distance at 10 years is simply
x(10 yr) = L cosh (10.53) = 17710 light years.
1.053
The maximum distance travelled by the twin as observed by her (long-deceased) brother
is therefore twice this distance, or®

max(z) = 35,420 light years. (3.b.4)

c) When the sister returns, who is older, and by how much?

WEell, in the brother’s rest frame, his sister’s trip took four legs, each requiring

1
t(10 yr) = 1053 sinh (10.53) = 17710 years,

which means that
tiotal = 70,838 years. (3.¢.5)

In contrast, his sister’s time was simply her proper time, or 40 years. Therefore the
brother who stayed behind is now 70, 798 years older than his twin sister.

IWe consider the twin to begin at (t =0,z = 1).

2Because cosh goes like an exponential for large argument, our result is exponentially sensitive to the figures; because
we know ¢ and the number of seconds per year to rather high-precision, there is no reason not to use the correct value of
a—indeed, the approximate value of a ~ 1 year~! gives an answer almost 40% below our answer.

3If we had used instead a = 1 /year as encouraged by the problem set, our answer would have been 22,027 light years.
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Problem 4*

Consider a star located at the origin in its rest frame & emitting a continuous flux of radiation,
specified by luminosity L.

a) We are to determine the non-vanishing components of the stress-energy tensor as seen by an ob-
server located a distance z from the star along the z-axis of the star’s frame.

There are many ways to go about determining the components of the stress-energy
tensor. We will be un-inspired and compute it directly from the equation for the
Maxwell stress-energy tensor (found by looking at metric variations of the Maxwell

action):
T“::FiFM——i#WEwF“. (4.a.1)
We have in previous exercises computed all of the necessary terms, so we may simply
quote that
0= B4 (BB = (B4 B?) =13, (4.2.2)
Tm::<ﬁ><§)i:|§L (4.0.3)

where S is the Poynting vector, whose magnitude is just the energy density flux.
Now, when we expand T**, we find a bit more work in for us, at first glance, we see
3 1 1
T:b:t — *EQ _ *B2 -
27 27® + 2
but we should note that because the radiation is only reaching the observer along
the z-direction, S lies along the z-direction and so B, = E, = 0; therefore, we do
indeed see that

(B + E:+ B, +B2);

—

T”z%@?+ﬁ)=ﬁL

(4.a.4)

And making use of the fact that S only has components in the z-direction, we see
that T = T9% = 0—with symmetrization implied.
Now, the energy density flux over a sphere centred about the origin of radius x naturally
is ﬁ. Therefore, we see that

.TOOZTIOZTOz:TII: L .
o 4mra?

(4.a.5)

b) Let X be the null vector connecting the origin in & to event at which the radiation is measured.
Let U be the velocity four-vector of the sun. We are to show that X — (z,,0,0) and that 7% has the
form

Well, it is intuitively obvious that if an observer sees radiation at (x, x, 0, 0), that, because
it is null and forward-propagating, it must have been emitted from a source along
the line 7(1,1,0,0) where 7 is an affine parameter for the world line of the photon.
If it is the case that the photon was emitted by the sun that is sitting at x = 0, then
it must have been emitted at (0,0,0,0), which means that X - (z,2,0,0).

Now, using the fact that U= (1,0,0,0) for the star, we have that U-X =z, and this is
frame-independent. Now, we see that X®X only has components in (¢, z)-directions

4This is the most poorly worded problem I have encountered thus far in this course. If there is any misunderstanding,
I am strongly inclined to blame Schutz.
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and furthermore all the coefficients are the same, namely 2. Therefore

L XoX L . .
i _‘4:47m2(et®et—|—et®et+e$®et—|—e$®6x). (4.b.6)
(0-%)

Because this matches our explicit calculation in a certain frame and the expression
is manifestly frame-independent we see that this is a valid expression for T in any

reference frame®.

c) Consider an observer & travelling with speed v away from the star’s frame ¢ in the z-direction.
In that frame, the observation of radiation is at X — (R, R,0,0). We are to find R as a function of z
and express T° in terms of R.

There is no need to convert U of the sun into &’s coordinates because it only appears in
T as a complete contraction—which is to say that U- X is frame independent. Now,
all we need to do then is compute the coordinates of X in @’s coordinate system.
This is done by a simple Lorentz transformation:

X - 7 (@y(1 = v),2y(1 —v),0,0) = (R, R,0,0), (4.¢.7)

which is to say, R = ay(1 — v).
Bearing in mind that the numerator in the expression of T was invariant, we see that

5 L R?
Now, inverting our expression for R, we see that
R? 14w
2 _ p2
T (1—v>’
and so )
o L 1—wv
0T __

5Well, specifically, the difference between the T calculated above and the coordinate-free tensor vanishes identically
at x; this tensor identity is obviously frame independent and so the tensors are identical.



